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FOREWORD

This report contains the complete description of the Axisymmetric Dynamic

Energy Density (ADED) Code which was developed by the Institute of Fracture

and Solid Mechanics at Lehigh University under Contract No. DAAG46-83-K-0158

supported by the Army Materials and Mechanics Research Center (AMMRC). Special

acknowledgements are due to the Project Manager, Mr. J. F. Dignam and Technical

Monitor, Dr. S.-C. Chou from AW4RC. Their input and encouragement have been

most motivating and made the completion of this work possible. The authors
-- ,. .,,.

also wish to acknowledge the many helpful discussions by Dr. J. G. Michopoulos LL

of the Institute of Fracture and Solid Mechanics during the early stage of this

work.

The damage concept in the ADED program differs fundamentally from all

existing codes dealing with penetration mechanics in that the theory of

plasticity is no longer employed for describing the permanent deformation of

material. Instead, the continuous range of weakened states material elements

from the undamaged to the completely damaged states are described by the rates

at which energy is dissipated per unit area, the orientation of which can vary

for each time step from element to element. The full range of uniaxial strain

rates data covering the impact penetration process are consistently translated

and used to predict multi-axial stress state behavior in elements that had at

one time damaged and/or failed when subjected to compressive stress states can

also be distinguished.

The results on plug formation show that ADED Code is fundamentally sound

-ii--,
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and can predict all the experimentally observed features of projectile

penetration damage based on uniaxial data alone. The quantitative accuracy

depends on the completeness of the material data bank and the finite element

mesh size. These refinements and modifications can be easily incorporated

into the ADED Code. There is no doubt that the program can be further stream-

lined. Nevertheless, it was considered essential to make this preliminary

work available as early as possible to those who have had a long standing

interest on this subject.
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DAMAGE PREDICTION OF PROJECTILE PENETRATION PROCESS

BASED ON ENERGY DISSIPATION RATE

by

G. C. Sih and D. H. Song
Institute of Fracture and Solid Mechanics

Lehigh University
Bethlehem, Pennsylvania 18015 USA

ABSTRACT

, The process of projectile penetration covers a wide range of failure modes

depending on the impact velocity, configuration and material of the projectile

and target. Such behavior has not been adequately described by the classical

continuum mechanics of assuming that the constitutive relations in each material

element are known as a priori. This difficulty has been overcome in this work

by application of a new concept assuming that material damage occurs nonhomo-

geneously throughout the target and can be uniquely associated with the rate at

which energy is dissipated in a unit volume of material. Introduced as a corol-

lary of the strain energy density theory are the quantities dV/dA and dW/dV which

represent, respectively, the rate of change of volume with surface area and the

strain energy density function. They, together, determine the energy used to dam-

age a differential area dA in the projectile penetration process. The orientations

of the damage planes form the failure path.
•..°9

A numerical procedure is developed for modeling the material damage process

* iduring projectile penetration. The progressive damage pattern for each time incre-

ment is exhibited where the elements fail nonhomogeneously. For blunt projectiles

impacting relatively hard targets, the conditions for plugging failure are met soon

after impact with very little flow of material in the radial direction. This mode

'--;".
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of failure is investigated by invoking different assumptions in the state of the

failed elements. The present model can also treat the phase transformation of '-

solid where shear bands are formed in regions of highly localized energy states. -. -

INTRODUCTION

Penetration mechanics has been a subject of continuing interest because of its

importance in military application for developing faster projectiles and stronqer

armor. The early works in this area are mostly empirical that involve the experi-. " ;;

mental correlations of such parameters as impact velocity, projectile mass, target

thickness, penetration depth, etc. The objective has been to come forth with some

understanding on the trade-off between the pertinent variables that govern the

scaling of models. These approaches, however, are becoming less and 'ess suitable

when applied to explain modern-day technology. They do not lei.d themselves to any

physical insights of the mechanics of penetration and can be costly as the tests

involve too many variables. The advent of the modern computer has offered many

new and previously untried avenues to research in penetration mechanics.

During the past two decades, the U.S. has expended considerable efforts toward

the formulation of sophisticated computer programs [1-3] to explain the dynamic re-

sponse of materials and the projectile-target failure phenomena. There is, however,

considerable diversity in these works, particularly in the application of failure

criteria and constitutive relations that involve a p~ioti assumption on material

behavior and/or location of failure path. Lacking in particular are

(1) a unique faitLre ctrteion that can consistently explain the comptete ma-

tetiLt damage prtoces involving the transformation o6 sotid to liquid and/ort gas,

and

-2-
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(2) the t oX.n4ation o6 mecuAed matwteaW prop/UeAt 6 rom simpte tests to

muttiaxcat 4t~e.6 .tatez wt'r nonhomogeneou4 eneAgy 46tate. in the penettion p'woce6A.

" The majority of the present-day computer codes in the U.S. have failed to comply

with the necessary requirements just stated and hence are limited in their predictive

N capability. They are usually developed to reproduce the experimentally observed

phenomenon of projectile motion and/or target failure and involve many empirical

parameters that are problem-specific. This is indicative of the fundamental diffi-

culties associated with the application of continuum mechanics for explaining fail-

ure that involves a wide range of energy dissipation rates that occur in the pro-

jectile penetration process. Some of these shortcomings are discussed in [4].

Phenomenological investigations of the so-called "adiabatic shear bands" have

been observed [5] in explosively fragmented shells, impacted plates, projectiles,

etc., and studied metallographically in [6]. The highly localized shear strain

rate was estimated to be of the order of 105 to l07 sec -1 in steel such that phase

transformation of the metal can occur. More recently, the same phenomenon has been
,... -.-

observed in highly but slowly compressed metal bar specimens [7-9] where ample time

was available for heat transfer to take place. White shear bands, however, still

appeared in regions of localized deformation. It is, therefore, important to dis-

tinguish the transfer of heat at the local from that at the global scale level. A

quantitative analysis of the white shear band problem has been carried out in [10]

by accounting for the rate at which energy is dissipated to damage the material

during loading. It was shown that the excess energy in addition to yield and frac-

lei.

The term adiabatic was invoked to describe the process of impact occurring so
quickly that little or no time is left for heat transfer to take place between the
system and its surrounding.

-3-
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ture of the 4340 steel cylinder in compression contributes to intense local heat-I: ing that can lead to phase transformation.

The main objective of the present work is to provide a methodology that can

analyze the complete projectile impact damage process. Incorporated into the nu-

merical scheme is the strain energy density criterion [4,11-13] that is valid to

general loading conditions, material types and structure configurations. The ini-

tial effort is to develop the algorithm for carrying an analytical description of

the damage process leaving out the details of shear band formation and material in

the hydrodynamic state. To reiterate, the basic approach is able to describe all

failure modes depending on the energy dissipation rates. This includes the trans-

formation of solid to liquid and/or gas.

COROLLARY OF STRAIN ENERGY DENSITY THEORY

The selection of failure criterion for describing impact damage has been prob-

- lematic. A common procedure is to compare experimental data with theoretical pre-

dictions based on different assumptions. This approach, however, is not adequate

because the differences between the results cannot be clearly identified with phys- WL

t. ics. The merits of any failure criterion should be judged by its versatility and

i usefulness in explaining a wide range of physical phenomena and is free from self-

contradictions. There is also the fundamental problem of translating the nonlinear

' uniaxial data to elements in a structure whose stress or energy states vary from

one location to another. At present, the only widely used theory for describing

The maximum normal stress criterion, for example, contradicts itself when applied
to the running crack problem where the maximum stress component acts parallel to

- the crack plane rather than normal to it as required in the original assumption.

-4-
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nonlinear material behavior is that of plasticity where yielding is considered ', .

to be the mechanism of progressive damage before fracture. Difficulties in scaling

the grid patterns also arise when applying numerical methods 
such as finite dif-

ferences and finite elements. The continuum mechanics theories are developed by

assuming that the rate of change of volume with surface area for each element tends

to zero, i.e., dV/dA -o O. Such a condition, of course, cannot be physically real-

ized in the numerical analysis and significant errors can result in situations where

dV/dA undergoes large gradients due to inappropriate selection of mesh size distri-

bution. Even more significant is the role that dV/dA plays in 
uniaxial testing ...

which will be discussed subsequently.

Length o6 Homogenex ty. In the mechanical testing of uniaxial specimens, it is

necessary to define the resolution of measurements in terms of at least a length

parameter, say Z in Figure 1(a), that describes the degree of uniformity or homo-

geneity of the stress or energy state. For a linear response of the uniaxial stress

and strain, the parameter dV/dA remains constant while dV/dA changes in the case of

nonlinear behavior. The rate of change of dV/dA with time is indicative of pro-

gressive material damage. For a given material or microstructure, loading rate

and/or specimen size may be altered to construct a data bank consisting of a family

of curves, Figure 1(b). Each point on these curves can be uniquely identified by

defining dV/dA and e instead of a and e. Since dV/dA is a geometrically determina- ['i

ble quantity that can be easily computed or measured for an uniaxial specimen and

transferred to elements in a complex stress state, it can be used to preserve the

.
-.

The assumption of the uniaxial stress and strain curve to coincide with the ef-
fective stress and effective strain curve is inadequate for situations where dila-
tation also contributes to failure such as elements near the crack tip.

-5-
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plane of homogeneity in the uniaxial test to the plane on which damage is pre-

dicted to take place. That is to establish a relation between [(dV/dA)o,€ 0 and ;:

[(dV/dA)i,ei]. Let a be the angle between these two planes, then

dV = dV Cos()
W 0

in which (dV/dA)i refers to homogeneity associated with ith plane and (dV/dA)o with

=O coinciding with the damage plane in the uniaxial test. There remains the prob-

lem of translating the uniaxial strain quantity e to the multiaxial strain state

even though the stress quantity a is no longer directly involved in representing

the uniaxial data. This involves the application of a corollary of the strain en-

ergy density theory that leads directly to a new damage theory in continuum mechan-

ics that includes plasticity, viscoplasticity, etc., as special cases.

A Theory o6 Mate. a.t Damage. The strain energy density criterion in its original

form [11-13] assumes that the strain energy density function, dW/dV, varies from .* -'

one location to another. The fluctuation gives rise to peaks and valleys which in

mathematical terms are the stationary values of dW/dV. The basic postulate is that

proges4sive mateiat damage can be uni.quey a oc.ited with the rate at which en-

Agy Zs di.6.ipated in a unit voeume o6 maotezia. In other words, failure modes at

different scale levels are assumed to be uniquely related to thresholds of dW/dV

which are experimentally measurable. In the uniaxial tests, dW/dV represents the

area under the true stress and true strain curve depending on the temperature and

moisture level: _

*Homogeneity can change from element to element in a solid as the interaction of

material with loading is nonuniformly distributed.

-7-
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dW j(2f afij c di + f(AT,AC) (2)
0

with AT and AC being changes in temperature and moisture concentration . The

stress and strain components are denoted by aij and Lij, respectively. ,

In order to transfer the homogeneity of the damage plane in the uniaxial test

to the prospective plane of failure of an element in multiaxial stress state, it

is necessary to introduce a corollary of the strain energy density theory. It may

be stated as follows:

The 6aiftae o6 an etement i6 ai.umed to oecWu on the ith po.ne by matching

(dW/dA)i with meaauwabte uivxia data.

For an element, (dW/dA)i can be written as .;

dW 0 d dW (3)

1 1-

IV

in which dW/dV is a scalar and (dV/dA)i is proportional to the slope of the stress

and strain curve. Since equation (3) must be unique for a given element, the

ith direction can be determined from the condition

(dV) = const., i = (4)

In two dimensions, equation (4) or

Equation (2) shows that energy can be stored in a material even when the stresses
are zero. Hence, any failure criteria based on stress quantities alone are neces-
sarily limited in application.

:Z .
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dV dV (5)Co" (:T ( m ) '5 !." '-

-. yields the angle a between (&,n) and (x,y). The reference damage plane is as-

sumed to coincide with (x,y). If the material is isotropic and homogeneous ,

equation (5) reduces to

-: e~(6)

These are not the principal strains but those acting on the plane with the same . ,

dV/dA value as that in the uniaxial test. In view of equations (5) and (6), homo-

geneity of the multiaxial stress or energy state can be described by [(dV/dA) ,{]

or [(dV/dA), and related to the uniaxial data [(dV/dA), o].

A theory of material damage follows immediately. As the uniaxial data bank
provides known values of (dV/dA)i and dW/dV for each energy state, the actual stress

and strain path of each element can be derived as the system is loaded incrementally.

The procedure for constructing the stress and strain history of a typical element

is illustrated schematically in Figures 2 and 3.

An initial stress and strain of a given element is assumed for the first load

increment. Equation (6) is-then applied to find a,, (dV/dA), and = el" The

predicted damage state makes an angle a, with the reference state, Figure 2(a).

This locates the point "pl" in the data bank with coordinates [(dV/dA) l ,s{l] as

shown in Figure 2(b). The next increment of loading gives a2' (dV/dA)2 and 2

= E2, and hence the point "P2" is obtained, Figures 3(a) and (b). A series of

Expression similar to equation (6) may be deduced for anisotropic and nonhomo-

geneous materials in which case the relation between e and E will involve mate-
*. rial constants.

-9-
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I

y P1[(dV/dA)19E, J

Initial
(dV/dA)1 in a1 curve

di recti on I 6

0 x 0 Strain E

Reference (dV/dA) 0

(a) Direction of homogeneity a, ~ (b) Location of point p, f

Figure 2. Searching of point p, in' data bank for the first load increment.

p2[(dV/dA)2, J

ia2 Initial
n~2 direction incurve

2-'f.

&2= r

0o Strain E
Reference (dV/dA)l

(a) Direction of homogeneity a2  (b) Location of point P2

Figue 3. Seachin ofpoin p2 in data bank for the second load increment.
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points Pl ' P2 , etc., are found until the complete stress and strain history is

derived. Unloading can also be accomplished incrementally in the same way. Each

element will follow its own path of loading or unloading. The energy dissipated

in damaging each element can be assessed with accuracy.

Preliminary results have been obtained for structural members undergoing

static, dynamic and fatigue loadings. They indeed exhibit the trend anticipated

on physical grounds. In the case of a slowly growing crack in a stretched plate

[14), the equivalent uniaxial stress and strain response in elements near the crack

tip experiencing more dilatation is quite different from those away from the crack

where the plasticity solution gave reasonable results. At the immediate vicinity

of the crack tip, large deviations are expected since plasticity accounts only for

distortion. Moreover, the damage theory predicts a much sharper rise if the stress

components as the crack tip is approached. The gradient changes for each increment

of crack growth.

FINITE ELEMENT FORMULATION """,'

The finite element method will be used to divide the projectile-target system

into a network of triangular elements such that each element possesses three nodes

identified by a convenient coordinate system. In the case of axisymmetry where the

projectile has a circular cross-section,the (r,e,z)system will be adopted. Since the

result does not vary with e, it suffices to consider the plane r and z as shown in

Figure 4. A typical triangular element with nodes i, j and k is referred to in a

counterclockwise direction. A composite matrix can thus be formed for the projec-

* tile-target system that relates the displacements of the nodal points of each ele-

ment to the external forces in the dynamic structure. Once the displacement field

is known, the incremental strain can then be evaluated from the displacement incre-

4 % * * * * 4 -. '.4..*



z

k

0J

Figure 4. A typical triangular element in rz-plane.

ment. At this point, the procedure deviates from the classical approach where the

stresses are obtained from the strains via a pre-assigned constitutive relation.

The newly proposed damage model utilizes the uniaxial data stored in the bank cover-

ing a wide range of strain rates that may differ from element to element for each

increment of loading or projectile advancement. Based on the damage criterion given

by equation (3), the equivalent uniaxial stress and strain history for each element

can be derived.

* Lptacement6 and StxLan6. For problems with axial symmetry, the displacement vec-

tor, say u, depends only on the variables r and z as shown in Figure 4. Let ur and

u be the displacement components in the r- and z-direction of u associated with an

element:

Ur

(7)

tuzJ

-12- --,? '



3kThe displacement vectors of the nodal points 1, j, k denoted by u U and u

will each have their corresponding components in the r- and z-direction as fol-

lows:

ri k r~
ON{U{U I =13  (8)

* For the triangular element, the displacement varies linearly with r and z, i.e.,

{u(r,z)} {all + {at2 r+ {ct3Iz()

in which {all}, {a2} and {ct3} are column vectors that can be expressed in terms ofIN

{U i}, {u'JI and {uk), i.e.,

{u(r ,z)} =1 (ae+ber+cez{e (10)
9ei,j,k e e e

such that

ji r k rkji i Z Zk' cl rk r j(1

The other expressions ail b., etc., can be obtained by cyclic permutation of the

indices i, j and k. The quantity 0 stands for the area of the element i, j and k

and is given by

1r1  z.

D .det 1 r i zj (12)
N Z

lrk Z k

-13-



The current strain c at time t will be calculated from the incremental strain

Ae at At as follows:

I where e} is the strain vector at time t-At. The components of c are

e

LrzJ '

Starting with a zero state of initial strain, i.e., {e10  0, the strain increment

Ac can be calculated from the displacement increment Au as given by

{Ae} = a3(Aur+ (u)1)

z a0
{AI 15

p.u
r-~ *

-1- 'V

r...............................* *~S~ **---*

a(...A. 6(AU.w*

Ayri. *a. r +* 3r*

Mkn use of th reaton in eqato (1) itflosta



- -e

~ b (16)
e r ~ )Au~

e-i ,j k e

a-a-

{c AU + b (A

{e} BPBjIBk {ju3  (17)

provided that [B I(e =ij,k) is the following 4x2 matrix:e

be10

1 0 ~ C
* [Be) ~1ae z(8

~+ be + C 0

Ce be

Because of the dependency of [Be) on r and z, the strains in the element are no

longer constant as in the problem of plane extension. Referring B to the centroid
e

* of the element located at

-15-
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Sizk Zi+Z+Zk
z (9)

equation (17) becomes tip

"ft * t. f

"'[ r "*x"*"

{ } - g',k {A-u} (20)

k
{Auk "2:

Equation (20) may be expressed simply as

{Ac}= [ eB-{AUe  (21) . .,"

in which

[B- Bi B' Bk] (22)

.r.-''.-ft

is a 4x6 matrix. With reference to [B], equation (21) yields constant strain in

the element. In equation (21), ue is given by "
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.St ez on Dazmage Ptane. The nonhomogeneity caused by the variation of dV/dA

throughout the projectile-target system can strongly affect the translation of

uniaxial data to the multi-axial stress state. Equations (5) and (6) reveal that

the normal strain components control this effect. Their stress and strain be-

havior must be derived in accordance with the degree of nonlinearity or material

damage at each point for each time step. More specifically, the location of the

damage plane determined by the angle a in the rz-plane must be found from equation

(6) for a material that is initially homogeneous and isotropic. . .

The stress tensor a contains only four components:

r

z
{a} : (24)

Trz

They correspond to the strain components in Figure 5(a). Because of axial sym-

metry, changes in the O-direction are constrained and only the normal strains E

and E z are involved in the adjustment for variation in dV/dA. Referring to Figure

5(b), the change of volume with respect to surface area in the and n direction

can be written as

dV (E n+E )cosc+ee (25))cos ~~(25) ,.-.°.

Er~ osc+Ea)cosca

and

dV (s+C )cosa+e8* ( -)= ('~ cosC+E~(26)

For axisymmetry, (dV/dA) : C(r,z) and cE in equations (25) and (26) can be elimi-

nated and expressed in terms of C(r,z). The classical plane strain condition can
be realized by letting C-l.

-17-
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Here, (dV/dA) or (dV/dA) is related to (dV/dA)i in equation (1) through cosa.

As a result of the corollary of the strain energy density theory, equation (5) when

applied to equations (25) and (26) leads to the conclusion given in equation (6)

or the condition ,= e. This determines the orientation of the damage plane

through a such that the appropriate strain rate from the uniaxial data can be cor-

rectly transferred to each element in the projectile-target system. Note that the

shear strain component yrz does not appear in equations (25) nor (26). It is there-

fore related to Trz in the usual manner through the shear modulus G. -

Once [(dV/dA) ,,] or [(dV/dA) ,E ] are determined for each element and each
n TI

* time step, a and a can be found from the material data bank such as that illus-

trated schematically in Figure l(b). Mathematically speaking, a or a n can be ob-

tained from the relation

E ( E o r e e o r c < E-

aor n  or (27)

E(E or e ) y_( ill l], or e < e

where E, ay and Ey are respectively the Young's modulus, yield strength and strain

at yield. The parameters B and y can be found numerically after the stress and

strain for a given element has been traced for many time steps. The stress compo-

nent ae is related to c by an expression similar to that given by equation (27).

The stresses in the triangular elements are constant as a consequence of constant

strains or equation (21). --

Nodat Fotca . Once the stresses within each element are found, they can be used to

determine the forces acting on each node which are equilibrated with the boundary

-19-
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tractions. The corresponding nodal displacements can then be obtained by lumping

the mass of the element at the nodes. To this end, the principle of virtual work

will be employed. Applied will be the condition that iA the nodes ate in equi-

LiLb>Um, the totat v'ctua2 wor'k done by the jorces acting thAough any arbitarty

virtual nodal dizptaeement that are eon4i5tent with the con trainU mut be zeAo.

Let the nodal forces be denoted in matrix form as .

{F I w
St... ..; -

{Fe I ap {Fid (28)

{Fk :~{F

}T n5.....

eFor an arbitrary nodal virtual displacement 6u ,the principle of virtual work may

* be applied to yield

(6u
e I {Fe , + f [{} - {6u)T{fj]dV - j {TdA = 0 (29)

V -A -

n

in which f and T are respectively the body force and traction vector. The quantity

6E: is the virtual strain corresponding to the virtual displacement 6u. In the ab- -

sence of body force and boundary tractions, equation (29) reduces to

(6ue } e= -f {T{dV (30)
-V

With the aid of equation (21), it follows that

{6ue}T{Fe,= {ue}TMB T{a}dV (31) .

-20-
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Since {6u e }  is arbitrary and is independent of the volume integral, equation

(30) becomes

{Fe=- f [BT{ dV (32)
V -

For the tth node, the force vector may be written as

{F }  f / [B11 {a~dV (33)...".
v -

(F T
E ] T " * '

in which [B4] is given by

ae+ber+CeZb e  0 C e .---, "
e e

-TB (34)

0, Ces 0 ,be

The quantities D, ae, etc., are the same as those defined earlier. The volume in-

tegration in equation (33) may be carried out by recalling that the stresses are

constant within each volume element and applying equation (24) the nodal forces

components Fr, Fz, etc., are found. With 27rrA being the volume of an element, the

expressions for F1 and F are
r z

rF -r k[ + ( r ) rz] 3 a..

(35)

Fi = (r- a + (zz ]Fz k-rj )az + (zj'zk)Trz]

where Fe = 0. The forces on the other nodes such as Fi, Fi, etc., can be obtained

by cyclic permutation of the indices.
-21-
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Equation o MotLon. By distributing the mass of the element evenly at the three

nodal points and applying the nodal forces in equation (35), the acceleration at

the nodes may be obtained:

e {Fe }t

e

( ~ = {Fe (36)

S where Me stands for the lumped mass at the eth node. The velocity vector can thus

be found by integrating equation (36). Assuming that the acceleration is constant

for a small time increment At, then

*e~ ~ { = 1 (7)
{ue {ue +ue trt(7

t t~

Referring to Figure 6, 6oet and {6e }  are the velocities just after and before

the current time t and Af stands for the average time increment about t, i.e.,

( At ) _+(At ) +''Z

t t
2 (38).-

At incipient impact t=0, {6e} are the initial velocities of those nodes in
e

the projectile which come in contact with the target such that {u } 0 for ..-

(At). Assuming that the velocities are constant over the time increment At,

equation (37) can be integrated to yield the nodal displacements

{ue = {ue I + {6e t+(At)t (39)

where , " . -

{Aue} {6e,+(At) (40)

,* ~ t
-22-
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is, in fact, the incremental displacement. The nodal coordinates are then obtained

from the displacements:

. .

{x {e ={Xj + {ue, (41)

To summarize, the nodal velocities are calculated at the mid-point of the time

interval which represents the average velocities during the time increment At. The

nodal displacements and accelerations are defined at the beginning or the end of *"

the time increment. Refer to Figure 6 for a pictorial representation of their defi- 7.

nitions. Use is made of the "sliding-surface" technique developed in [15] at the

contact surface of projectile and target.

(At) (At)t
t t

time t

t=t n_1  t=t n  t=tn+ 1

At ..

{u} _ --Acceleration

{-At I}{~t + mVelocity-t u}t+  . ..-

..--Displacementu}t At {U}{ t+At --- -
~ -" t " .:. -

Figure 6. Interpretation of displacement, velocity and acceleration
at different time.
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FaZ~uLe ConA6deuoion. By application of the conditions given in equations (5) 'B'

and (6), the orientation of the damage plane defined by the angle a in Figure 5(b)

is first obtained. The quantities (dV/dA)E or (dV/dA)n in equations (25) or (26)

must then be related to (dV/dA) obtained from the uniaxial data, say in Figures 1.

This is accomplished by application of equation (1) such that (dV/dA)i in equation

(3) stands for (dV/dA)C/cosa or (dV/dA) n/cosa. At a particular state, say p, on

the true stress and true strain curve in Figure 7, dV/dA being proportional to the

slope can be expressed by a length parameter, say hp. The element is partially

damaged as the unloading path pq will not coincide with the loading path oy which

is a straight line, the reversible path. The shaded area oypq is the energy dissi-

pated per unit volume that is not recoverable. According to equation (3), the

damage is

ShdW =h (42)
d orn p dV

-such that

h(ydW (W)d (dWv)(4)-"---

< <__< hc  (4,.3,.-
y d W
y or n c

The quantities hy and hc are related to the slopes of the true stress and true

strain curve at y and c in Figure 7 and (dW/dV) and (dW/dV) correspond to the
y c

areas oyy' and oycc', respectively. An element is assumed to have failed when

dW (dW) (
() >h c  V. (44)--

cor n c

This condition should be carefully distinguished from that in equations (42) or

(43). In the present analysis, the progressive damage of all elements is moni-
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"0 y' q ,....,,.,

True Strain o,

Figure 7. True stress versus true strain.

tored at all time. Those reaching the condition in equation (44) are considered ---.-.

to be failed and the elements will be removed completely from the finite element I -

grid pattern with appropriate adjustment made on the stress state due to changes..';iZ!

in geometric configuration and/or the initiation of cavities or cracks in '.

*directions dictated by the strain energy density theory.-...-.,".. .. ....,..

For the projectile-target problem, the failed elements can still be entrapped

in the system and interact with the others as the damage process continues . In

the absence of strain rate data on the projectile and target material, two sets of

true stress and true strain will be constructed analytically in accordance with -.

the generally accepted trade-off relationship between yield strength and fracture

toughness. These two cases will be referred to as Model I and II.

The solid may transform to liquid and/or gas at high impact velocity such that the.'

rates of energy dissipation can no longer be adequately described by the area under
the true stress and true strain curve. The Hugonir . relation expressing the hydro-
dynamic effects of material may come into play. This will be discussed subsequently.
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Model I - The projectile and target material are assumed to possess a rela-

tively tow Ske tuAe toughneA6i for the range of strain rates considered.

Model II - The projectile and target material are assumed to have a rela-

tively high 'acitw e toughness for the range of strain rates considered.

The corresponding yield stresses or stresses at which permanent deformation oc- iW

curs are kept about the same in both models. The time leading to plugging failure

will be predicted and compared so that the sensitivity of experimental strain

rate data on progressive failure can be demonstrated and better understood.

COMPUTER ALGORITHM

The computer algorithm consists of three main portions. They are referred to
as INITI, SEDOM and SPLOT. Table 1 shows the flow chart for INITI that deals with

the initial input data on material properties, grid generation for the projectile-

target system and the relevant parameters that are required for carrying out the

failure analysis. The chart in Table 2 gives an overall view of SEDDM that incor-

porates the strain energy density theory for evaluating the damage and failure of

all elements. Sliding nodes are introduced at the interface where projectile comes

into contact with the target in order to ensure displacement compatibility and to

avoid overlapping or interpenetration of material points. The damage and failure .,

pattern for each time increment can be exhibited graphically via the SPLOT routine

shown in Table 3. Contours of constant a can also be plotted to determine the path

of plugging for each time increment At which is chosen according to the interaction

of stress waves with the finite element. If 6.mn denotes the minimum dimension of

the triangular element, then At should be smaller than the time required for the

stress wave to travel across 6min' i.e.,

At < Min min) (45)

-26-
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The accuracy of the predictions can be improved by making the element size

smaller and by increasing the total number of elements. This adds complexity to

the solution as the computer program for analyzing the progressive damage of the

projectile and target already involves many steps where the stresses, displacements, '

and energy densities must be repeated many times for each element and each time

step. Refer to Tables 4, 5 and 6 for a more detailed account of the computing pro-

cedures involved in INITI, SEDDM and SPLOT. The description of the deck cards can

be found in [16].

IMPACT OF CYLINDRICAL PROJECTILE
ON PLATE TARGET: MODEL I AND II

The impact of a cylindrically-shaped projectile on a finite thickness plate

will be analyzed by application of the axisymmetric dynamic code that incorporates

the strain energy density material damage criterion as presented earlier. This

program shall be henceforth referred to as the "Axisymmetric Dynamic Energy Density

(ADED) Code". The impact velocity will be increased incrementally for a metal

projectile hitting a metal target until perforation occurs. A salient feature of

ADED is that material properties covering strain rates from lO 4 sec - to 106sec-l

are provided in the computer data bank.

This covers the full range of energy dissipation rates that produce failure

by permanent deformation, spallation and/or fracture in the form of plugging. No

a priori assumptions are made on the mode of failure. Unlike all the other codes*

The most serious limitations in all these codes result from the application of t'
the von Mises yield criterion and the assumption that the uniaxial stress and
strain data coincide with the effective stress and effective strain used in the ....
theory of plasticity. Moreover, they cannot consistently account for the
variations in strain rate effects from element to element.
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Table 4. Block Diagram for Computing Procedures of INITI

Start
IN IT I

MR IAL Maeiaefntin

Ji nite Element Mesh Generation]
NODEG

GEORYNSE
ELEMG

ESHPE

_ o~s aluain at Nod esl

START Initial Nodal Velocities
and other Initial Conditionsj

ASAVE IStore the Data on Tape 2 fort
Restart or Plot

INITI--------- - - - - - - - End of INITI

SEDDM

RECAL Recall Data from Tape 2

-31-
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Table 5. Block Diagram for Computing Procedure of SEDDM

I~ar
'INod a l Velocities, .,,,,,

Repeat for All Nodes ,_____

lNodal Coordinates and Displacements

jElemental Strains.'
Repeat for All Element

iDamage and Failure Analysis!

Damage Plane ( 'V-STRE-
and Length of Homogeneity () STRES

Loops Stress-Strain Curve; d STRESI a n d cijSRS 2..i..

Repeat for ess: STRES
next time step .

SED Absorbed I  LOOPS

Damage and Failure Criteria LOOPS_

Damaged ElementIncrease ay /""'"

Time ncreens Failed Elementsm nremen Disappear -

Equivalent Nodal Forces

Nodal Accel erati on

IStore Data on Tape 2 ""

ASAVE Ifor Plots End of SEDDM

I -To StartISPLOT i .2]
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Table 6. Block Diagram for Computing Procedure of SPLOT

Determine Plot Size SPLOT

Convert Unit Sse
SIUNT if Necessary

SILUH lFind Boundary Sides

EDGES

GPLOT

ISOVA PltDesiredInomtn

VPLOT

LOADS

End of SPLOT

-i -33-
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[1-31, ADED possesses the additional ability to simulate relative damage of all

elements. This allows the projectile and target material to have a continuous

range of weakened states from the undamaged to the completely failed state. Refer

to [16] for a description of the ADED Code where the card deck is explained in de-

* tail.

Projectite-TaAget System. Consider the projectile-target system illustrated in

Figure 8 where both the projectile and target are made of 4340 steel with a Rockwell

Hardness number of 52. Referring to Figure 8, the geometry is such that L p/Dp

2.0, ht = Dp and Dt = lOD . These proportions coincide with the example problem

in [9]. The finite element grid pattern is shown in Figure 9 where 160 and 455

,. elements are used to model the projectile and target, respectively.

z.

D (22 units) r

pp

I-." l Initial p.;

L p(44 units) Impact

$- Velocity = 2,500 fps.

Target initially at rest ht(22 units)

T
D t(l lOunits)

Figure 8. Schematic of projectile-target
System: Axially symmetric impact.
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Elements Nodes

Projecti l e 160 102

Target 455 257

Tntal 615 359

Figure 9. Finite element grid pattern:
One-Half Symmetry.

Ma.teAiat Popevt&L. The material data bank in the ADED Code consists of eleven

(11) nonlinear stress and strain curves modeled by the relation
y .'. .,

a E - say[( -) - 1) , a>ay (46)

;.
with B - 0.7879, y - 1.053 and E = 30 x 106psi. The yield strength cy and

corresponding final strain ef are given in Figure 10. The curves labelled

1,2,--,10 correspond, respectively, to strain rates of 10- 4 , 10 3 ,--- , 6 sec. -

The ADED Code traces out the stress and strain history for each element and con- .

tinuous damage is monitored according to the strain energy density criterion,

using equations (42) and (44). Refer to Figure 11 for the relation between the

yield strength a, and critical strain energy density function (dW/dV)c of 4340

steel.
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1.20.

1.03 351 00 5

1 446.0 0.050
2 529.6 0.075

1 1.0 3 5.1 0.0635
8 410.7 0.045

106. 001

.09 688.5 0.0410910 744.0 0.0399
8 11 799.0 0.0390

to '0-
* 0 6

- .604

-. 40

*.20

.00
*.00 .24 .48 .72 .96 1.20

Strain (x 10- 1 in/in)

Figure 10. True stress and true strain curve
in ADED data bank for Vodel I.
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(dW/dV) (x 10 psi)

Figure 11. Relation between yield strength and critical strainenergy density function for hardened 4340 steel (Model I).
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ModeX I. In this model, the failed elements are considered to be fractured as

they reach or surpass the condition in equation (44) and are removed completely

from the analysis. Figures 12 and 13 show the numbering system for the nodal "

points and elements. The results will be described in a series of time steps

labelled 1,2, etc. and presented only for those time steps that exhibit

significant damage and/or failure. The details of the computer program are

given in [16] together with additional numerical results.

Figure 14 illustrates the projectile-target damage pattern after 0,03053psec

of impact. The corner element No. 160 on the projectile has already failed and

been removed from the output. Two regions are identified. The dotted elements

nearest to the contact are stressed while the remaining areas are unstressed as

the waves have not propagated that far. At t = 0.0464lisec, Figure 15, the two

adjacent rows of elements with numbers 151, 152,---,159 and 201, 202,---209 that

were in contact have failed except for the corner elements No. 210. More elements

are now being stressed and the effect of wave propagation can be clearly seen in

Figure 16 after O.07715usec. The elements are seen to fail quickly after impact

because of the high strain rates and relatively low fracture toughness of the

target.

The values of locating the damage plane as defined in Figure 5(b) are given

in Table 7 for elements near the contact as to increases from 0 to 0.4855usec. The

direction of the damage plane for elements No. 151, 152,---,160 at initial

contact did not change appreciably up to failure. For elements No. 210 and 211

O increased slightly i.e., the axes E and n approach towards x and y as failure is

-38-
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79' 80': 81'A 82T 83' 84

85 86 87 88 89 90

91 /92 /93 94 95 96 Z,

a.97 /98/99 100 101 102 207 208 209 210 21121 3

.220 \221 22 23 22\222 7228 \229 \230 \231 232

27 278 279 280 281 282 283 284 285 286 287 288 P9

\315\316N317\318 319 320 321 322 \323 3\24 325 326 327

334 \335 336 \337 338 339 40 341 342 343 344 4

353 \354 355 356 357 358 59 360 361 362 363 364 365

391 392 393 394 395 396 97 98 399 400 401 402 403

Figure 12. Numbering system of nodal points.
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d, %

131 133 135 137 139

32 34 36 38/140 .

X141 143 145 147 14191 1 1 1 2 2 - - - p

237 213 21 243V 25% 27 29 21 25/5 5 5

272 4 7 6 7 8 2 0 2 2 2 4 2 6 2 8 290 2 2 9 49
273\275 277 279 281 28 28 28 28 2 293 295

\23 8N 0 4 46 348 35 3 -\ 52 354 356 358 36 32 6 3 6 06

237\ 3 445 347 349 351 3553 25 36 3657 3675

381 383 3 885 382 3 89 391 393 39 39\ 392 4 403
4 420 482 822 42 2 2843 43628 434 436 4 440

473 419 241 239 48125 4 2 4 2 431 43 93 43 2495

526 2 304 512 ,322 534 536 3 2 544 54 54832
525575293 53 53 53 53 54N 545454

Figur 3113. Nubein syte 31 tringla elements2 33

346 3 350 35 3540-6 38 30\ 62\ 6 36 3

35....3..2...3.5....3..................60 36.. ..



V. fl__41

Time 0 .O3O53vsec.

0 Unstressed Elements

SStressed Elements

Figure 14. Projectile-target damage pattern after O.O3O53jjsec
(Model I). *
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.' I~ T im 0.0464lusec.9

Figur 15. roje timtet daag patt4ii e rnatr0.44u

(Mdl )

~Ij UntresedEleent



I Time = .O7715usec.

SUnstressed Elements

Stressed Elements

Figure 16. Projectile-target damage pattern after O.Ol775iisec
(Model 1).
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Table 7. Angle of Damaged Plane for ~
Element Near Contact for Model 1.

Element No.

Time
(wsec) 160 151 152 to 156 210 211 248

0.0050 -35.330 -45.000 -45000 20.160 -45.0-

0.0105 -35.340 -44.990 -45000 -20.190 -44.970 0.610

0.0166 -35.350 -44.980 -45-000 -20.250 -44.910 0.650

0.0232 -35.370 -44.960 -44.990 -20.340 -44.800 0.620

0.0305 -35.410 -44.920 -44.990 -20.480 -44.650 0.580

0.0331 -35.420 -44.910 -44.990 -20.510 -44.620 0.610

0.0464 (failed) -44.810 -44.990 -20.220 -44.280 -2.250

0.0611 (failed) (failed) -19.500 -43-900 -2.620

0.0772 -18.170 -43.400 -0.190

0.0949 (failed) -42.710 1.130

0.1144 (failed) 0.870

0.1358 0.65~

0.1594 -1.140

0.1853 -3.880

0.2138 -8.180

0.2452 -15.260

0.2798 -26.730

0.3177 -41.410

0.3595 36.220

0.4015 26.300

0.4435 22.600

0.4855 17.400
(failed)
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approached. Oscillation in the orientation of the damage plane can be observed

.. in elements No. 248 before it failed. Table 8 gives the values of the equiva-

lent uniaxial stress and strain in the E- and n-direction.

Table 8. Equivalent Uniaxial Stress and Strain
in Elements Near Contact on Damaged
Plane for Model I.

Element No.

160 151 210 .

Time a:€(: n :=:Yn :n 0 : 00(0 :

* (psec) (pin/in) ksi (pin/in) ksi (pin/in) ksi

0.0050 -2641 -79.2 -1710 -57.3 -784 -23.5

0.0105 -5553 -166.6 -3596 -107.9 -1647 -49.4 EAU.

" 0.0166 -8756 -262.7 -5673 -170.2 -2596 -77.9

0.0232 -12260 -367.8 -7955 -238.7 -3642 -109.3

0.0305 -16070 -482.2 -10460 -313.7 -4790 -143.7

0.0331 (failed) -11360 -340.8 -5199 -156.0

0.0464 (failed) -7145 -214.3

- 0.0611 -9040 -271.2

- 0.0772 -10630 -317.0

(failed)

The corresponding stress and strain components referred to the r- and z-axis can

be obtained by Mohr circle transformation. Exhibited graphically in Figure 17

is the dynamic stress o or a as a function of time. The normal stresses

in element No. 160 rise more sharply with time and it fails first. Elements No.

; 151 and 152 in the projectile and elements No. 210 and 211 in the target failed

subsequently. The corresponding stresses did not rise as sharply with time.

- Nonlinear variation is not observed as the elements failed very quickly

on account of low fracture toughness. These results reflect the difference in
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No 160 p*

500 Failed

KFa Faile

300 No. 151 Fie

IAL

20C

10C

0 0.02 0.04 0.06 0.08

Time iisec

Figure 17. Equivalent uniaxial stress-time curve for
elements failed at contact in Model I.
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Time = O.44352usec.

unstressed Elements

LnStressed Elements

FaiStressed Elements Cc .'i-i"

- ... .. ;. .. \;.

-; :~~~ :. '. ". . ." .;F

! .i ./ * ... ,.'. -. .'

~~ailed Element: Crack Initiation

Figure 19. Projectile-target damage pattern after 0.44352psec
(Model 1).
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Angle of Damage Plane at
t = 0.44352usec.

0 L

(1) 36.8970
(2) 28.0130
(3) 16.7660
4) 5.5200
5) 5.71260

(6) -16.9730
(7) -28.219o
(8) -37.1040

(8)

* (1)(3)

(2)- (4)

()

(7) Failed Element on Contour No. 5 with -5.726*

Figure 20. Contours of constant damage plane orientation '

after 0.44352pjsec (Model I).
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Table 9. Values of dV/dA (in) for Some 9

Typical Elements Near Contact Area
(Model 1)

Element No.

Ti me
(usec) 160 151 152 to 156 210 211 248

2, .0502.451 2.828 2.828 2.131288-
0.0105 2.452 2.828 2.828 2.131 2.827 0.142
0.0166 2.452 2.827 2.828 2.132 2.824 0.104

0.0232 2.453 2.825 2.827 2.134 2.820 0.033

*0.0305 2.454 2.823 2.825 2.136 2.813 0.079

0.0331 2.454 2.822 2.825 2.137 2.812 0.074

0.0464 (failed) (failed) 2.826 2.132 2.800 1.074

0.0611 (failed) 2.122 2.784 1.267

0.0772 2.105 2.763 3.742

0.0949 (failed) 2.734 2.519

*0.1144 (failed) 2.464.

0.1358 2.490

0.1594 2.531
0.1853 2.555
0.2138 2.552 .

0.2452 2.563
*0.2798 2.705

0.3177 3.168
0.3595 2.934

0.4015 2.709
0.4435 2.599
0.4855 2.497

(failed)

Fr- -
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the stress and strain response of elements owing to different strain rates. This

accounts for the nonuniform rate of energy dissipation from element to element

and the sequence of the material damage and/or failure process. .

As the projectile further advances up to t = 0.09487usec, Figure 18 shows that

element No. 211 being under element No. 212 has now failed. The waves have also

propagated further towards the back side of the target. In Figure 19 at .> %;

t = 0.44352psec the interior element No. 286 is seen to fail as a result of dV/dA

reaching 95.04 in which is much higher than the three neighboring elements with

common adjacent sides. They are elements No. 249, 285 and 287 as shown in Figure

13 with the respective dV/dA values of 2.384 in, 2.379 in and 2.248 in. Refer

to Table 9 for some typical values of dV/dA referring to elements near the

contact that have failed. It is of interest to note that the value of dW/dV =

941.22 psi in the unfailed element No. 249 is higher than dW/dV = 359.78 psi

in element No. 286 which has failed. This is due to the high strain rate effect

as dV/dA is proportional to the slope of the true stress and true strain curve.

The dW/dA criterion, therefore, includes both deformation rate through dV/dA and

energy dissipation rate via dW/dV. Hence, failure can occur at locations where

dW/dV may be low but dV/dA can be high.

Figure 20 plots contours of the damage plane orientation with constant a. 4

The failed element No. 286 in Figure 20 corresponds to contour No. 5 with

= 05.7260. This implies that the E and n axes almost coincide with the

x and y axes along which uniaxial data are taken. It is essential to

recognize that the direction of the damage plane within an element

need not coincide exactly with the path of fracture or plug formation. That "-

It is common experience that the path of a macrocrack is usually assumed to follow
the general formation of the randomly oriented microcracks. The zig-zag details
are microscopic in scale. Their influence on the change in direction of the
macrocrack is small and can be neglected in any macroscopic analysis.
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............

Time 0 .48546usec

Elunstressed Elements K..

j~Stressed Elements

Plugging
protrudes,....:-,
surface

Figure 21. Projectile-target damage pattern after O.4B546iisec
(Model I).
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Orettino amg lnea L

t .454psc

(1) 37.9070

(2) 28.8260
(3) 17.3310
(4) 5.8360
(5) -5.659o

(8) 2 .. (8) -17.1530

(1) -2.68

(2) 4 (4)

(6)

(7) (6 .

Figure 22. Constant acontour after O.48546iisec
(Model I).

.AA
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is the toca. jaUiLte ptane and globa2 6'wactuAe path do not necezs6uLy

*coincide. It is the loci of the failed elements that form the path of fracture.

-" Since the shape of the triangular element is chosen arbitrarily, it cannot be

used for the shape of the cavity or crack. The condition as stated in equation

-, (44) corresponds to failure say permanent deformation prior to fracture. A
**AOL

small cavity or crack is thus assumed to be formed at element No. 286. As

mentioned earlier, the orientation of this small crack does not have to coincide

with the path of fracture which is assumed to follow the contour with constant

a that is oriented almost vertically through elements No. 285 and 322 and side-

ways in the direction of elements No. 248 and 249. The stress state in these

neighboring elements are therefore intensified by approximately twenty (20) times

in accordance with the well known factor 2a/b where a/b is the geometric aspect

ratio of a narrow elliptical cavity or crack. Once an internal cavity or crack

is formed, fracture continues to occur quickly. As stress waves continue to

propagate in the projectile and target, Figure 21 shows that the elements

No. 248, 249 and 285 are failed at t= O.48546usec. The fracture path protrudes

the front side of the target plate. The projectile has momentarily lost contact e..

with the target. Since damage and failure is constantly changing process,

the orientation of the damage plane for each element also changes accordingly.

The common notion of yielding is no longer applicable in the newly proposed

damage model although the quantity yield strength is still being used. It is
more appropriate to refer to damage by permanent deformation as the concept of
yield surface is not needed.

A crack is defined to be an elongated cavity with a major to minor axis ratio
of ten, say 2a/b = 10. The longest and smallest dimension should differ at
least by one order of magnitude.

-54- -*~



1-'V --. L. N . 1M T

Time 0 .52734usec

Unstressed Elements -

"" Stressed Elements ~ ~

Additional Element Failed in Plug Formation

Figure 23. Projectile-target damage pattern after O.52734iisec
(Model 1).
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IN
Damage Orientation Plane at

t 0 .52734lisec.2

(1) 37.1310
(2) 27.9610
(3) 16.3540
(4) 4.7470

(5) -6.859o
(6) -18.4060
(7) -30.0730
(8) -39.2430

(8)

(3)

2L (5)
(6)

() (7)

Figure 24. Constant contour after O.52734iisec

(Model 1).
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01-

Orientation of Damage Plane at

t = .56932usec.

(1) 38.6710
(2) 29.3430
(3) 17.5350
(4) 5.7270
(5) -6.080
(6) -17.8880
(7) -29*.6960
(8) -39.0240-

(8) -

(2) (5)

(6)

(7) ..-

(8)

Figure 26. Constant at contours after O.56932u.sec

(Model I).

-58-



p,

Time 0 .61136lisec.

Sunstressed Elements

0Stressed Elements

Compressive Waves Reach Back Side of Target.

Figure 27. Projectile-target damage pattern after O.6ll36psec
(Model I).
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Orientation of Damage Plane at

t 0 .6l136usec.

(1) 40.9420
(2) 31.1370
(3) 18.7260
(4) 6.3150
(5) -6.0960
(6) -18.5070

(8)(8) -40.7230

((8)

(-60

(7).
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The contours of constant a in Figure 22 are seen to have altered as compared

with those shown in Figure 20 of the previous time step with t = 0.44332usec.

The newly failed element No. 285 is now aligned along contour with = -5.660.

Without further stress intensification, element No. 322 fails on the next time

step with t = 0.52734usec, Figure 23. Fracture is seen to extend directly in

the negative z-direction. Shown in Figure 24 are the constant a contours around

the fracture path. This suggests the further intensification of elements

No. 321 and 358 extending towards the back side of the target. The result is

shown in Figure 25 where both elements No. 321 and 358 have failed together

with the corner element No. 210. The corresponding constant a contours are -

* shown in Figure 26. Element No. 357 failed at 0.61136psec at which time the frac- -.

ture path is exactly one-half way through the target plate. The compressive

wave front has finally reached the back side of the plate and reflection

begins. The elements with damage planes of a = -18.51 is almost directly

under the fracture path, Figure 28. Element 394 remained intensified and

failed at t = 0.6114usec. As the target continues to fracture, the stresses in

elements No. 393 and 430 are intensified and failed when t = 0.695864sec. This

is shown in Figure 29 together with the constant a contours in Figure 30. As

the plug is being formed elements No. 429 and 466 are further stress intensified.

They failed at t = 0.73808usec which is illustrated in Figure 31. Figure 32

gives the corresponding contours of constant a. This process continues by fail-

ing the next two elements , No. 465 and 502 in Figure 33. The constant a

contour in this case is given in Figure 34. The failure of elements No. 465 "'-

and 502 occurred at t = 0.94774psec. as plugging extends further, Figure 35.

There is a deviation of the constant a contour from the path of plugging. This
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Time 0 .69586isec.

E3Unstressed Elements

SStressed Elements

Figure 29. Projectile-target damage pattern after O.69586ijsec

(Model I).
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-Ointto of--.. Daag Pln at~~--

t 0.6985usec

(1) 38.80

K0 (2) 29.43
(3) 17.58

(7) -29.840
(8 (8) 239.430

(3)1758

(445)2

(5)5)l3

(6) (6)99
(7(7).4

((3)

Figure 30. Constant a contour after O.69585iisec
(ModelI)
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Orientation of Damage Plane at
t =0.73808ujsec.

(1) 40.580
(2) 30.870
(3) 18.570
(4) 6.280
(5) -6.010
(6) -18.300

(8) -- (7) -30.600

-(8) -40.310

(2) -~ ((5)

(8) (7 (6

Figure 32. Constant a~ contour after 0.73808ipsec
(Model I).
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Time 0 .86418ijsec.

Q]Unstressed Elements

L!J Stressed Elements

Figure 33. Projectile-target damage pattern after -

O.86418psec (Model I).
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Orientation of Damage Plane at
t =  .86412, sec. Y.--

(1) 40.98

(2) 31.14 °

(3) 18.68
(4) 6.23
(5) -6.23 o

(6) -18.690
(8) "(7) -31.140

(8) -40.980

(8) !T::::
..,:. .:..

' V -- .. -.

Figure 34. Constant a contours after 0.86412psec
(Model I).
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Time: O.94774psec.

SUnstressed Elements

Stressed Elements

Figure 35. Projectile-target damage pattern after Q.94774u~sec
(Model I).
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indicates the tendency of spalling as the waves are reflected from the back

side. Refer to Figure 36. The finite element mesh size, however, is not

sufficiently refined to predict the details of the local failure mode. Complete - "

perforation is completed when the last three elemtns, No. 501, 538 and 537 L

failed and the plug is dislocated from the target as shown in Figure 37. Orienta-

tion of the damage planes corresponding to complete perforation are given in

Figure 38.

In this example of a blunt projectile impacting a relatively hard target

made of 4340 steel with a Rockwell hardness number of 52 and low fracture tough-

ness, the conditions for plugging failure are met very soon after impact. The

flow of material in the radial direction is minimal and the fracture behavior is

very brittle. This can be seen from the sequence of diagrams summarized in

Figures 39(a) to 39(j) inclusive showing the initiation and completion of the "

plugging process. This involved nine time steps from t = 0.4432usec, t = 1.0723usec,

that cover the period of approximately one-half of a micro second. The predicted

events involve several idealizations that can be easily improved in future cal-

culations. The most noticeable inaccuracy lies in the size of the triangular

elements that resulted in unusually wide fracture path being equal to one tenth

of the projectile diameter. This also led to the overly exaggerated straight-

line shaped plug. A refinement of the element meshes along the prospective

path of plugging would lead to a more realistic prediction of plug profile and

minimize abrupt change in fracture path as indicated by the missing corner in

Figure 39(j). The relatively low fracture toughness of the material data in

Model I also contributes to the brittle-like failure pattern. These short-

comings, however, are considered to be of minor importance in contrast to
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t-

Orientations of Damage Plane at

t 0 .94774osec

(1) 41.400
(2) 31.590
(3) 19.170
(4) 6.750
(5) -5.670

(8) (6) -18.950
(7) -30.52o
(8) -40.330

(3)

(2)

(8)

F Figure 36. Constant contour after O.94774u.sec
(Model I). S
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4

L.

Orientation of Damage Plane at f

t 1 .07226,jsec.

(1) 40.62'
(2) 30.860
(3) 18.510

VIA(4) 6.160
(8)(5) -6.19'
(8) (6) -18.540

(7) -30.89~
(8) -40.650

(3)

* (2) (
(6)

(7)

Figure 38. Constant a contours after 1 .07226p~sec

(Model I). P
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TT'L ,T
-z zII

0 ~ ,r0 -

429",i
' 46646

%% :502

(g) t =0.738lu.sec ()t =0.8642vusec

z z

0 rr

501

1'538 All elements
537 failed

(i) t =0.94774usec (0) t 1 .O723psec

Figure 39. The sequence of plug formation
(Model I).
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the major improvements achieved in the ADED Code which can consistently incorpor-

ate uniaxial strain rate data to material elements in the projectile and target

without making ad hoc assumptions. Moreover, many of the drawbacks in the

classical theory of plasticity that are inherently embedded in all previous

computer codes are overcome in the present damage model based on the theory of

strain energy density.

Further insight into the process of penetration mechanics can be gained by

I studying the stress and strain time history. Referring to those elements near -

the region where contacts were made at initial impact, Tables 10 to 13 summarizes

the numerical data for az Cr' C0 and Trz in a series of time steps from

0.O050usec to 0.4855usec. The data are also displayed graphically in Figures 40

to 43 inclusive. It is immediately noticeable that the axial stress component az

for those elements referred to in Figure 40 is compressive up to failure. The

time sequence of failure for elements 160, 151, 210, 211 and 248 is clearly

indicated. The corner element No. 160 on the projectile failed first followed by

element No. 151 at the center. Failure of elements No. 210 and 211 in the target

occurred next with element No. 248 lacking far behind as it is further away from

the contact surface. The amplitudes of the radial stress component ar in

Figure 41 are much lower than those in the axial direction. Both elements No. 211

and 248 in the projectile experienced tension before failure as the nearby

material is heavily compressed in the direction of the projectile motion. The

circumferential expansion of the projectile and target is evidenced by the

variations of the stress component a0 with time as displayed in Figure 42.

Shown in Figure 43 are the time histories of the shear stress component Trz in

elements near the contact surface.
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Table 10. Axial Stress a in ksi for Elements

Near Contact (Model I)

Element No.

Time L •

(psec) 160 151 152 210 211 248

0.0050 -140.2 -90.8 -90.8 -41.6 -41.6 .

0.0105 -294.8 -190.9 -190.8 . -87.4 -87.4 -0.0004

0.0166 -464.9 -301.1 -300.8 -138.0 -138.0 -0.0021

0.0232 -651.2 -422.1 -421.4 -193.8 -193.8 -0.0075

0.0305 -854.2 -755.4 -719.9 -255.4 -255.5 -0.0224

0.0331 (failed) -786.6 -750.9 -277.3 -277.5 -0.0248

0.0464 (failed) -926.7 -381.0 -381.3 -0.0605

0.0611 (failed -481.2 -741.1 -0.213

0.0772 -563.4 -844.6 -1.450

0.0949 (failed) -847.5 -4.151

0.1144 (failed) -8.103

0.1358 -14.260

0.1594 -24.000

0.1853 -38.930

0.2138 -60.400

0.2452 -88.390

0.2798 -120.15

0.3177 -149.31

0.3595 -167.10

*0.4015 -168.20

0.4435 -158.00

0.4855 -277.80
(failed)
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Table 11. Radial Stress 0rin ksi for Elements 7

Near Contact (Model I) .2.-

Element No.

Time
(Gsec) 160 151 152 210 211 248

0.0050 -18.3 -11.8 -11.8 -5.4 -5.4 -

0.0105 -38.4 -24.9 -24.9 .- 11.4 -11.4 -0.0027K0.0166 -60.4 -39.3 -39.3 -17.8 -18.0 -0.0125
0.0232 -84.4 -55.2 -55.2 -24.7 -25.3 -0.0364

*-0.0305 -110.2 -127.9 94.0 -32.1 -33.4 -0.0852

0.0331 (failed) 105.0 71.1 -34.7 -36.3 -0.102

*0.0464 (failed) -15.7 -47.6 -49.6 -0.113

0.0611 (failed) -61.2 197.8 -0.732

0.0772 -74.6 204.4 -3.044

0.0949 (failed) 129.9 -9.937

0.1144 (failed) -14.97

0.1358 -17.55

0.1594 -17.27

0.1853 -14.09

* 0.2138 -8.31*

0.2452 -0.413

0.2798 -0.927

*0.3177 -2.064

*0.3595 -3.290

0.4015 -4.137

0.4435 -4.051

*0.4855 -5.390

(failed)
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V Table 12. Circumferential Stress ain ksi for
Elements Near Contact (Model I)

Element No. -

Ti me
*()Jsec) 160 151 152 210 211 248

*0.0050 0.0 0.0 0.0 0.0 0.0-

0.0105 0.0 -0.014 -0.019.. 0.004 0.006 0.0033

*0.0166 0.0 -0.067 -0.088 0.021 0.028 0.0154

0.0232 0.0 -0.193 -0.254 0.060 0.081 0.0446

0.0305 0.015 -0.447 -0.590 0.139 0.187 0.1036

0.0331 (failed) -0.530 -0.698 0.165 0.222 0.1226

*0.0464 (failed) -0.545 0.257 0.447 0.3262

0.0611 (failed) 0.269 0.745 0.7134

0.0772 0.341 1.160 1.427

0.0949 (failed) 1.743 2.401

0.1144 (failed) 3.651

0.1358 5.228

*0.1594 7.154

* ~0.1853939

* 0.2138 11.84*

0.2452 14.24

0.2798 16.281Pi.O
*0.3177 17.60

0.3595180

0.4015176

0.4435 16.76

0.4855 310.00 .

(failed) .

-78-



Table 13. Shear Stress in T ksi for
Elements Near Contact (Model 1)

Element No.

Time
(psec) 160 151 152 210 211 248

0.0050 21.4 0.0 0.0 21.3 0

0.0105 45.0 0.021 0.004[. 44.7 0.043 0.0493

0.0166 70.8 0.099 0.016 70.4 0.199 0.2285

0.0232 99.0 0.287 0.048 98.3 0.579 0.6630 ""

0.0305 129.5 1.223 0.188 128.7 1.345 1.541

0.0331 (failed) 1.352 0.208 139.5 1.596 1.823

0.0464 (failed) 0.230 196.0 3.787 5.255 "' .

0.0611 (failed) 260.2 16.580 12.00 -"

0.0772 333.8 27.310 23.81

0.0949 36.950 39.85

0.1144 (failed) 56.35

0.1358 71.92

0.1594 84.44

0.1853 91.09 .

0.2138 88.72

0.2452 74.64

0.2798 47.94

0.3177 10.72

0.3595 -31.64

0.4015 -69.06

0.4435 -98.59

0.4855 -23.86

(failed)
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" Tables 14 to 17 inclusive outlines the strain rates in the axial, radial

- and circumferential direction. First of all, strain rates in the axial direction

can vary by several orders of magnitude from 106 sec -l in element No. 160 to

10 sec -l in element No. 248. This wide range of strain rates was covered by the - -

data bank in Figure 10. As it is to be expected, the strain rates did not vary

as much in the radial and circumferential directions. They varied mostly from LN

10-1 sec - to 10 sec -l except for the shear strain component in element No. 160

that reached 10 sec -1 . In retrospect, it is essential to have a theory such as K--:--

the one proposed in this work that can adjust for the changes in strain rates

from element to element.

Modet 1. Consider now the same 4340 steel with high fracture toughness at the

same rates from 10 sec 1 to 1O6 sec -1 as shown in Figure 44. The areas under

the true stress and true strain curves have increased as compared to those in Fig-

ure 10 for Model I. The relation between the yield strength and critical strain

energy density is given in Figure 45 such that high ay corresponds to low (dW/dV)c

- and vice versa. This trade-off property is typical of many of the engineering metal

alloys. The ADED Code will be employed to analyze the damage and failure pattern

of the projectile and target by holding all other variables constant other than '- "-."

the uniaxial data as mentioned earlier.

With the tougher material, more time is needed to damage and/or fail the target.

Larger time steps will be taken. Moreover, more energy will be dissipated by perma-

nent deformation. Without going into the details of the results for the initial

time steps, Figure 46 displays the damage pattern at t = 0.2287usec. The corner

element No. 160 is broken and several of the elements in contact have been damaged

and they are shaded. The permanently indented surface of the target at contact be-

comes more noticeable in Figures 47 and 48 corresponding to t = 0.3643vsec and
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4 Table 14. Axial Strain Rate (xlO sec)z
*for Elements Near Contact (Model I) "6

Element No. N

Time IO
*(usec) 160 151 152 210 211 248

0.0050 -10.56 -6.84 -6.84 -3.14 -3.14-

0.01 05 -10.60 -6.86 -6.85 -3.14 -3.14 1 .97x106

0.0166 -10.60 -6.86 -6.85 -3.15 -3.15 -2.65x105

0.0232 -10.55 -6.85 -6.83 -3.16 -3.16 -1.33x10 4

0.0305 -10.45 -6.82 -6.78 -3.18 -3.18 -4.45x104

0.0331 (failed) -6.84 -6.79 -3.18 -3.18 -3.47x104

0.0464 (failed) -6.58 -2.94 -2.94 -1.84x10-3

0.0611 (failed) -2.58 -2.58 -6.11x103

0.0772 -1.92 -1.92 -1 .77x102

0.0949 (failed) -1.32 -3.90x10 2

0.1144 (failed) -6.48x10 2

0.1358 -1.0410 1

* 0.1594 -1.59x10 1

0.1853 -2.27xl101

0.2138 -2.99xl0 1

* 0.2452 -3.54x101

0.2798 -3.67x10 .

*0.3177 -3.09x101

* 0.3595 -1 .78x101

*0.4015 -1.98x10-

0.4435 9.40x10 2

0.4855 1 .90X101

(failed)
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Table 15. Radial Strain Rate (xliusec j .* r
for Elements Near Contact (Model I)

Element No.

Ti me
*(lpsec) 160 151 152 210 211 248

0.0050 0.0 0.0 0.0 0.0 0.0

0.0105 2.84 -0.87 -1.43 2.82 -0.18 -0.18
*0.0166 9.39 -2.88 -4.71 9.30 -0.61 -0.61

0.0232 20.66 -6.33 -10.35 20.37 -1.34 -1.34
*0.0305 37.76 -11.59 -10.95 37.07 -2.46 -2.46

0.0331 (failed) -11.42 -18.09 36.75 -2.46 -2.46
0.0464 (failed) 2.25 16.98 6.36 6.33

*0.0611 (failed) -14.63 16.89 16.74
-0.0772 -63.43 -85.42 937.3

0.0949 (failed) -140.30 -141.5
*0.1144 (failed) -889.3

0.1358 -316.9
*0.1594 251.4

0.1853 75.81

0.2138 115.3
*0.2452 141.0

-0.2798 -153.4

*0.3177 153.2

*0.3595 133.8

0.4015 78.57

-0.4435 -19.94

0.4855 -146.7

(failed)
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Table 16. Circumferential Strain Rate e (xlO 2sec-

for Elements Near Contact (Model I)

Element No.

Time
(pisec) 160 151 152 210 211 248

.0.0

0.0050 0.0 0.0 0.0 0.000

0.0105 0.03 -0.87 -1.15 0.03 0.4 0.20

0.0166 0.10 -2.88 -3.80 0.90 1.20 0.66

0.0232 0.21 -6.33 -8.34 1.97 2.64 1.46

0.0305 0.38 -11.59 -15.27 3.61 4.84 2.69

0.0331 (failed) -11.42 -15.05 3.57 4.78 2.65

0.0464 (failed) -3.85 2.29 5.65 5.10

0.0611 (failed) 0.28 6.79 8.82

0.0772 1.49 8.59 14.77

0.0949 (failed) 10.97 18.34

0.1144 (failed) 21.38

0.1358 24.51

0.1 594 27.23

0.1853 28.85

0.2138 28.51

0.2452 25.51

0.2798 19.63

0.3177 11.60

0.3595 3.22

0.4015 -3.06

0.4435 -6.77

0.4855 -10.01

(failed)
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Table 17. Shear Strain Rate (xlO sec-)

for Elements Near Contact (Model I)

Element No.

Time
(psec) 160 151 152 210 211 248

0.0050 185.4 0.0 0.0 184.7 0.0

0.0105 185.7 1.68 0.03 184.5 0.34 0.39

0.0166 185.2 0.57 0.09 183.7 1.12 1.28

0.0232 183.5 1.23 0.20 182.1 2.47 2.83

0.0305 180.3 2.25 0.38 179.4 4.54 5.20

0.0331 (failed) 2.23 0.37 179.6 4.48 5.12

0.0464 (failed) 0.16 184.1 7.13 11.17

0.0611 (failed) 190.0 10.71 19.97

0.0772 198.1 14.22 23.81

0.0949 (failed) 18.48 39.23

0.1144 (failed) 36.69

0.1358 31.47

0.1594 23.00

0.1853 11.11

0.2138 -3.60

0.2452 -19.44

0.2798 -33.52

0.3177 -42.47

0.3595 -43.94

0.4015 -38.60

0.4435 -30.46

0.4855 -21.38

(failed)
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*30Curve No. a (ksi) ef(fifli)

1 488.0 0.775

204 414.8 0.900
205 390.4 0.960

* 6 366.0 1.030 ::::
7 341.6 1.140
8 317.2 1.270
9 292.8 1.480

1010 268.4 1.750 * .
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Figure 44. True stress and true strain curve
in ADED data bank for Model II.
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Figure 45. Relation between yield strength and critical strain
energy density function for hardened 4340 steel ,

(Model II).
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Time: 0.3643psec.

Q Unstressed Elements

L. Stressed Elements

* Damaged Elements

,:' . ...-.. 
1.. . . .. .. .... F

. o o .' . - . .

Figure 47. Projectile-target damage pattern after -

0.3643psec (Model II).
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II
0.4075usec. Elements No. 159 and 158 of the projectile are fractured. This phe-

nomenon has been observed experimentally for targets made of hard material. The

damage zone is seen to increase as the waves propagate. Figure 49 shows that the ON.

remaining elements in the first layer of the projectile are all broken except for

element No. 154 acting as a debris or fragment. The debris disappears in Figure

50 at t = 0.4953usec on account of the idealized assumption in this preliminary

work to neglect the influence of the failed elements. As the damage zone increases

with the propagation of waves, plug initiation is seen to occur at element No. 282

in Figure 51 when t = 0.5345usec. Referring to Figure 13, the three elements that 14...

have common sides to element No. 282 are elements No. 245, 281 and 283. At failure,

the rate of change of volume with surface area, i.e., dV/dA in element No. 282 be-

came exceedingly high with a value of 105.83 in in comparison with 2.508 in, 2.566 in .-

and 2.559 in for elements No. 245, 281 and 283. The strain energy density function

dW/dV in elements No. 245 and 281 are, respectively, 20,977 psi and 11,268 psi both

of which are higher than the value of dW/dV = 8,826 psi in the failed element No.

282. This exhibits the nature of failure at high strain rates where the area under

the stress and strain curve alone cannot fully describe the event of dynamic fail-

ure The constant a contours at plug initiation are displayed in Figure 52. The

two curves with a = -18.82 ° and -31.49' are directed almost vertically from element

No. 282. This is indicative of the direction of plugging that is headed normal to

In fact, each element will fail at a different time and can be analyzed as such
if refinements in time steps are made. The influence of the fragments can also be
treated without difficulty. This will be discussed in more detail subsequently.

In contrast, dV/dA does not change appreciably in creep loading and damage can be
more accurately monitored by dissipation due to dW/dV alone. It becomes obvious
that there prevails many situations where both dV/dA and dW/dV can play equally im-
portant roles as in regions near the tip of a moving crack with moderate speed.
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Time: O.5345ijsec.

Unstressed Elmet

C UStressed Elements

* Damaged Elements

plug initiation at Element No. 282

Figure 51. Projectile-target damage pattern after O.5345u.sec (Model II).
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1 4.4

Orientations of Damage Plane
t = O.5345iisec.

(1) 41.900
(2) 31.880
(3) 19.210
(4) 6.530
(5) - 6.140

(8 A(7) -31.490
(8 (8) -41.510

(2)p

(4).

(6)
(7)

Figure 52. Constant cicontours after O.5345iisec (Model II).
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the target surface. It should be reiterated that the global fracture path in the

damage theory is assumed to follow the direction of constant a line and not a it-

self which has been emphasized in the discussion of results for Model I.

Two distinct features of the results for Model II are observed. First, plug

initiated directly under the corner of the projectile which is closer to experi-

mental observation when compared with Model I in Figure 19 that occurred further

away in the radial direction. Materials near contact are severely damaged before

failure. This did not occur in Model I as the fracture toughness of the material

were too low that led to predominantly brittle fracture. The detail features of

plugging in Model II can still be improved by reducing the finite element mesh size

and the inclusion of failed elements in the calculation. Refer to the results in *.'*"-'

Tables 18 and 19 for some typical values of a and dV/dA in those elements near the

contact surface for Model II. Table 20 summarizes the data of the equivalent uni-

axial stress and strain curve for elements No. 160, 151 and 210 on the damaged

plane, the direction of which is given in Table 18. Unlike the results in Figure

17 for Model I, the curves in Figure 53 are all nonlinear as energies are dissipated

in addition to those to cause fracture or failure. Unloading has also occurred in

element No. 210. This is shown in Figure 53.

The failure of the internal element No. 282 creates a small crack and intensi-

fies the stress state in its neighboring elements No. 245, 246, 281 and 318. A

magnification factor of 20 is employed as explained in Model I. This leads to

The procedure will be automated in the future ADED Code where the nodes of the
triangular elements can be shifted to simulate a /r singular field for the strain
energy density function dW/dV where r is a radial distance. This character being
independent of the constitutive relations of the material is, in general, valid -. -
for simulating the effect of a localized defect with its major axis differing by
an order of magnitude in relation to its minor axis. This, however, will require
the use of isoparametric elements instead of the constant stress elements.
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Table 18. Angle a for Elements Near Contact in Model II

Element No.

Time
. (psec) 160 151 156 210 211 246 248 " "

0.0200 -35.33 -45.00 -45.00 -20.16 -45.00 - -

0.0420 -35.45 -44.88 -44.99 -20.65 -44.48 -20.91 0.68

- 0.0928 -35.46 -44.46 -44.96 -20.34 -42.32 -24.53 1.21

0.1543 -35.03 -44.09 -44.90 -16.83 -37.39 -30.02 - 0.75

0.2287 -34.24 -43.90 -44.84 -11.32 -29.60 -32.18 - 2.89

0.2716 (failed) -43.89 -44.77 - 7.20 -24.82 -31.59 - 3.72

0.3187 -43.98 -44.75 - 2.73 -13.90 -28.95 - 3.49

" 0.3643 -44.07 -44.66 0.74 -37.99 -24.29 - 1.90

0.4075 -44.15 -44.55 2.98 -23.13 -18.37 0.79

0.4516 -44.22 -44.47 4.08 -16.03 -11.07 3.22

0.4953 (failed) (failed) 4.28 - 8.90 - 3.77 4.33

0.5345 3.99 2.66 1.37 4.04

0.5745 3.29 4.17 5.03 - 1.83

0.6185 2.15 14.57 (failed) -18.66

(failed)
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Table 19. Rate of Change of Volume with Surface Area dV/dA (in)

for Elements Near Contact (Model II)

Element No.

Time
* (ilsec) 160 151 156 210 211 248

0.02 2.431 2.828 2.828 2.131 2.828

0.042 2.455 2.820 2.827 2.139 2.806 0.003

0.0928 2.457 2.781 2.824 2.142 2.715 3.185 1

* 0.1543 2.451 2.759 2.822 2.129 2.639 2.923

0.2287 2.419 2.714 2.808 '2.076 2.371 2.354

0.2716 (failed) 2.729 2.799 2.037 2.281 2.293

* 0.3188 2.730 2.794 1.951 2.172 2.246

* 0.3643 2.733 2.787 1.387 2.685 2.250

* 0.4075 2.737 2.779 0.745 2.015 2.306

0.4516 2.742 2.773 1.342 4.206 2.561

(failed) (failed)
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Table 20. Equivalent Uniaxial Stress and Strain in Elements

Near Contact on Damaged Plane for Model II

* Element No.

160 151 210

Time Ee=c =e0= 0 =e= 00 0

(Ijin/in) ksi (iin/in) ksi (jin/in) ksi

0.0200 - 10,730 -322.0 - 6,913 -207.4 - 3,149 -94.5

0.0420 - 22,220 -491.0 - 14,460 -433.9 - 6,611 -198.3

* 0.0928 -47,370 -502.2 - 30,930 -471.0 -13,320 -399.7

0.1543 -77,950 -514.2 - 48,840 -478.7 -15,920 -439.9

0.2287 -108,900 -528.7 - 68,070 -486.3 -13,940 -380.4

* 0.2716 (failed) - 78,490 -490.1 -10,260 -270.2

* 0.3188 - 89,630 -494.2 - 6,146 -146.7

* 0.3643 -100,100 -522.2 - 2,930 - 50.2

0. 4075 -110,000 -525.6 - 1,089 5.0

0.4516 -118,700 -528.6 - 1,614 - 10.7

(failed)
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Figure 53. Equivalent uniaxial stress and strain for elements
near contact (Model II).
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the failure pattern in Figure 54 at t = 0.5977usec where fracture is extending in

both the upward and downward direction. Elements No. 245, 246, 281 and 318 are

now all failed. The waves have propagated to the back side of the target plate

and spread radially. Following the constant a contour in Figure 55, elements No.

209, 210, 317 and 354 are stress intensified while plugging continues. Figure

56 shows the resulting fracture path where plugging has extended through the

*T. front surface where elements No. 209 and 210 failed at t = 0.6500usec. At this ... *,

time, element No. 208 is still intact but is on the verge of being failed. The

damage zone has spread to the mid-thickness except for element No. 347 as indi-

cated in Figure 56. The corresponding constant a contours are given in Figure 57 .

* from which elements No. 353 and 390 are seen to be situated along the path of

prospective plugging. At t = 0.6900usec, plugging has penetrated more than one

. half of the target thickness as elements No. 317 and 354 fail. A cylindrically-

shaped plug is formed as shown in Figure 58 where elements No. 208 and 381 are !-"•.

about to fail. The fracture path is directed along the constant a contour No. (7)

in Figure 59. Elements No. 353 and 390 are thus intensified. As the fracture

path continues to extend by breaking elements No. 389 and 426 as shown in Figure

60 at t = 0.7340usec, more elements are damaged. The reorientation of the damage

plane is displayed in Figure 61. Again, contour No. (7) with =-31.16' is di-" "'.,.-,

rected almost normal to the target surface. This angle did not differ appreciably

from that of contour No. (7) in Figure 59. Elements No. 425 and 462 are next in-

tensified and fractured as time increases to 0.89424sec, Figure 62. Failure also

occurred in element No. 242 at the top of the plug. The constant a contours ahead

of the fracture path in Figure 63 are now slightly slanted in line with elements

No. 461 and 498. It is interesting to note that as compressive waves are reflected

from the backside elements No. 453, 456, 457 and 460 leading ahead are first dam-

aged while elements No. 418, 419, 422 and 423 further back are still undamaged,

-104-



Time: O.5977ijsec.

S Unstressed Elements

S stressed Elements

* Damaged Elements

plugging continues

Figure 54. Projectile-target damage pattern after O.5977iisec (Model II).
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Orientations of Damage Plane
t = O.6500u~sec.

(1) 40.55-

(2) 30.74-
(3) 18.31-
(4) 5.890
(5) - 6.530
(6) -18.960
() -31.380

*(8) (8) -41.20o

* (1) (3)

* (2) V.'(4)

(5) .-

(6)

Figure 57. Constant a contours after O.6500iisec (Model II).
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Time: O.690Ouisec. ..-

JJ Unstressed Elements
rL Stressed Elements ..-

Damaged Elements

* No. 208

*No.38

* Figure 58. Projectile-target damage pattern after O.690O0isec (Model II).
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Orientations of Damage Plane
t = O.7340p~sec.

(1) 41.240
(2) 31.360
(3) 18.860
(4) 6.350

(8)-0*

(8)
..

(2))
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(7)

Figure 61. Constant acontour after O.734Opsec (Model II).
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* Figure 62. Projectile-target damage pattern after Q.8942iusec (Model II).
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Figure 63. Constant a~ contours after 0.8942visec (Model II).
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Figure 64. Projectile-target damage pattern after l.0067iisec (Model II).
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Time: l.l00411sec.

II Unstressed Elements
LJ Stressed Elements

SDamaged Elements

plug

*No. 419 damaged element
*(failed) No. 422 No. 463

(failed)

Figure 66. Projectile-target damage pattern after 1.1OO4u.sec (Model II).
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Figure 67. Constant a contours after 1.1OO4psec (Model II).
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Figure 64. This exhibits the tendency of spallation. At this time, the majority

of the constant a contours in Figure 65 are aligned almost normal to the plate

surface. The final stage of plugging is completed when elements No. 497, 534 and

533 fail at t = l.1004usec. Figure 66 shows that element No. 463 next to the

fracture path is also damaged. The plug is dislocated from the target and is

damaged both externally and internally. The failure of elements No. 419 and 422

inside the plug suggests fragmentation as the plug leaves the target with the

exit velocity. Figure 67 summarizes the orientations of the residual damage planes

in both the projectile, target and plug.

The sequence of events starting from plug initiation to dislocation is shown

in eight (8) time steps as outlined in Figures 68(a) to 68(h). For the tougher

material used in Model II, plug initiation started at a later time with

t = 0.5345psec as compared with t = 0.4432usec for Model I in Figure 39(a). More-

over, the location was moved to an element directly under the corner of the pro-

jectile rather than at an outward radial distance. There were also significant "'* I

differences in the damage and failure patterns of the projectile-target system

prior to plug initiation. A glance at Figures 68 reveals that the plug experienced

more damage in Model II. As a consequence, more time was also required for full

perforation. Since both Model I and II contain several idealized assumptions, the

results must be interpreted accordingly. Aside from the coarseness of the finite

element mesh size, damping force were not included in the present analysis. This

done purposely in order not to cloud the findings with any arbitrariness and/or -

artificial effects. It can be accounted for in future analyses where damping de-

This is usually added into the computer scheme by introducing the so-called "arti-

ficial viscosity", a quantity that is not known and assumed arbitrarily.
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Figure 68. Sequence of plug formation.

pends on load history and varies nonhomogeneously in the system. The projectile

velocity obviously becomes unrealistically high when this factor is ignored.

Nevertheless, what has been achieved for the first time is an analytical demonstra- :-.'-

tion of how uniaxial data affect the failure modes arising from projectile penetra- -

tions.

Summarized in Tables 21 to 24 are the time dependent stress components az, ar,  "

ae and Trz for elements No. 151, 156, 160, 210, 211 and 248. These locations are

chosen to illustrate the different degree of stress levels prior to failure. The

corner element No. 160 of the projectile is most severely loaded at initial impact.

This is seen in Figure 69 where the curve corresponds to the axial stress az in

element No. 160 which dropped sharply as it is intensified in compression. It then

levels off before failure. Elements No. 151 and 156 that also come into contact

with the target behaved in a similar fashion but failed at a later time. For those

elements No. 210, 211 and 248 in the target, the axial stress az attains an oscil-

latory character as they are damaged. The component a in these same elementsr

also varied appreciably with time and is shown in Figure 70. The trend, however,
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Table 21. Axial Stress a in ksi for Elements

Near Contact (Model II)

Element No.

Time
(usec) 160 151 156 210 211 248

0.0200 -569.6 -366.9 -366.9 -167.2 -167.2

0.0420 -841.2 -753.2 -732.2 -353.2 -353.6 - 0.03

0.0928 -850.9 -814.6 -777.1 -634.7 -751.4 - 3.11

0.1543 -870.5 -827.6 -789.3 -643.0 -808.9 - 27.08

0.2287 -892.8 -840.5 -820.2 -527.7 -636.6 -121.66

0.2716 (failed) -847.2 -826.9 -373.1 -558.2 -198.82

0.3188 -835.5 -853.0 -196.1 -371.3 -264.92

0.3643 -866.2 -860.1 - 51.6 -125.2 -268.66

0.4075 -890.9 -867.0 36.7 201.7 -204.02

0.4516 -896.2 -875.4 42.0 264.6 -104.7

(failed) (failed)

1.22 .- V
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Table 22. Radial Stress ar in ksi for Elements
*1r

Near Contact (Model II)

Element No.

Time
(jisec) 160 151 156 210 211 248

0.0200 0 0 0 0 0
0.0420 -151.1 -114.6 -130.6 - 43.5 - 46.3 - 0.18
0.0928 -153.5 -120.7 -164.0 -164.8 - 73.4 - 6.91L

0.1543 -157.9 -129.7 -165.5 -236.7 -120.3 - 20.19
0.2287 -164.5 -132.0 -148.2 -233.0 - 51.5 - 70.00
0.2716 (failed) -133.1 -148.8 -167.4 - 31.4 -138.08
0.3188 -152.8 -130.8 - 97.3 -166.9 -235.35 rA

0.3643 -178.2 -131.5 - 48.8 -249.9 -286.53
0.4075 -160.4 -132.1 - 31.6 -326.9 -270.12

0.4516 -161.0 -133.1 -63.4 -175.4 -173.71

(failed) (failed)

z %
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Table 23. Circumferential Stress a in ksi for

Elements Near Contact (Model II)

Element No.

Time
(pe)160 151 156 210 211 248 L

* 0.0200 0 0 0 0 0 -

* 0.0420 0.03 - 0.92 - 0.21 0.29 0.39 0.21

I 0.0928 0.51 - 13.27 - 2.72 2.93 3.94 2.71
* 0.1543 1.00 - 42.65 - 9.65 8.03 13.24 10.48

0.2287 -2.07 - 81.64 -23.66 11.73 25.89 19.72

* 0.2716 (failed) -100.91 -34.33 9.46 28.66 34.42

I 0.3188 -122.70 -47.53 1.53 25.46 44.45 A

* 0.3643 -143.73 -61.36 -12.59 16.65 52.68

* 0.4075 -158.83 -75.33 -33.26 2.48 57.27

0.4516 -158.97 -86.83 -58.37 -16.13 55.33

I(failed) (failed)
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Table 24. Shear Stress in T rz ksi for

Elements Near Contact (Model II)

Element No.

(visec) 160 151 156 210 211 248

0.0200 87.0 0 0 85.7 0

0.0420 117.7 1.34 0.09 176.3 2.8 3.2

0.0928 120.3 6.87 0.01 271.3 32.4 40.2

- 0.1543 129.1 12.70 -0.05 300.7 95.8 151.4

* 0.2287 143.4 15.82 0.69 335.9 170.5 298.5

0.2716 (failed) 15.46 1.44 354.2 210.2 336.6

0.3188 13.21 2.95 367.8 135.4 319.2

0.3643 11.39 4.80 373.5 - 19.5 303.7

* 0.4075 9.11 5.81 374.0 -235.1 305.6

0.4516 5.42 10.65 373.4 -289.2 265.9

I(failed) (failed)

I
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is similar co az except for the curves corresponding to elements No. 151 and 156.

They oscillated slightly with time. As a result of axisymmetry, the change in the

circumferential direction is expected to be relatively small. Figure 71 shows

that a varied only slightly with time. Similar results for the shear stress com-

ponent Trz is given in Figure 72. '--"

The nonuniform strain rates at the different locations can be evidenced from

the data in Tables 25 to 28 for the ez r, and erz" They vary from 106 sec-l

to 102 sec and change from one location to another. It is clearly seen that the

strain rate variations in element No. 160 are the largest as it fails first. The -

changes in element No. 248 that arefurther away from the initial impact are not as

*. appreciable.

NONHOMOGENEOUS ENERGY DENSITY DISSIPATION RATE *. ".->:

-" It cannot be overemphasized that the failure behavior of all materials are

intimately associated with the rates at which energy is dissipated per unit volume

or unit area. For problems that involve a wide range of time scale, both quanti- -> : .

ties dV/dA and dW/dV can be equally important. Plug initiation was found to occur

at locations of very high dV/dA whereas dW/dV was relatively low comparing with

those in the neighboring elements. This is indicative of the rate effect being

proportional to the slope of the uniaxial stress and strain curve that is related

to dV/dA. When the loading rates are very low such as those experienced in creep

deformation, changes in dV/dA are small and the rates of energy dissipation are

governed mostly by dW/dV. In general, the corollary of the strain energy density

theory [4] as stated by equation (3) provides a more consistent treatment since . "

no a priori assumption is made on the form or nature of the constitutive relations.

This is why conceptual difficulties often arise when applying the dW/dV criterion

-130-
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Table 25. Axial Strain Rate 3 x1" e

for Elements Near Contact (Model II)

*Time
(usec) 160 151 210 248

* 0.0200 -1,073.2 -691.2 -314.9

* 0.0420 -1,049.4 -684.9 -319.3 - 0.01
0.0928 - 994.6 -623.9 -248.1 - 2.72

* 0.1543 -1,037.8 -548.2 - 65.0 -19.0
0.2287 -1,170.5 -489.3 76.4 -54.0
0.2716 (failed) -471.1 171.4 -61.6
0.3188 -457.0 223.7 -44.1

* 0.3643 -444.6 234.5 44.5
0.4075 -421.7 190.2 51.8

* 0.4516 -397.0 88.9 75.6

(failed)
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Table 26. Radial Strain Rate ; (x 1O 3 sec-1

for Elements Near Contact (Model II)

Element No.

Time
(iisec) 160 151 210 248

* 0.0200 0 0 0

0.0420 4.68 - 1.40 4.56 - 0.31

0.0928 12.83 -10.35 12.75 - 8.38

0.1543 32.14 -17.06 32.77 - 4.94

0.2287 29.22 -17.04 37.40 -27.65

0.2716 (failed) -14.98 - 0.15 -51.33

0.3188 -15.40 - 49.01 -71.36

0.3643 -15.37 - 93.48 -44.63

0.4075 -11.04 -113.10 7.49

* 0.4516 - 0.11 -108.93 72.77

(failed)

VIP~
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Table 27. Circumferential Strain Rate ( x lo0 sec 1

for Elements Near Contact (Model 10 ~

Element No. n..

Time
(isec) 160 151 210 248 LW.

0.0200 0 0 0-
0.0420 0.042 -1.395 0.439 0.322

* 0.0928 0.357 -10.350 2.192 2.197

0.1543 0.160 -7002.7824.7

0.2287 -2.088 -17.040 1.128 6.933

*0.2716 (failed) -14.980 - 1.762 7.359

0.3188 -15.400 - 5.608 7.089

* 0.3643 -15.370 -10.320 6.011

0.4075 -11.040 -15.110 3.359

*0.4516 - 0.106 -19.040 -1.471

(failed)
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Table 28. Shear Strain Rate e (x 10 sec,rz

for Elements Near Contact (Model 11)

Element No. PO

Ti me
(1isec) 160 151 210 248

-0.0200 188.4 0 185.6 -

0.0420 180.2 2.75 178.6 6.2

0.0928 176.9 13.34 166.2 42.0

* 0.1543 214.4 19.02 181.9 88.4

- 0.2287 280.8 15.22 179.5 78.2

*0.2716 (failed) 7.78 188.6 44.6 ~.
0.3188 1.25 186.4 4.3

* 0.3643 - 3.38 192.4 -14.7

* 0.4075 -11.96 148.5 -24.9

* 0.4516 -21.38 114.4 -39.1 .

(failed)
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in conjunction with the theory of plasticity. The yield condition of von Mises -.

considers only the distortional component of dW/dV while the relative maximum of

dW/dV that is assumed to coincide with locations of excessive distortion also in-

cludes the dilatational component of dW/dV. Such a conflict will always prevail

if the failure or damage criterion is not inherently embedded in the stress or

strain analysis.

To illustrate the nonhomogeneous character of dW/dV and dW/dA, elements No.

15, 152, 160, 210, 211 and 248 are selected with their variations as a function .-. '-S

of time given in Tables 29 and 30 for Model I. Because of the brittle-like fail-

ure behavior, most of the energies are dissipated in terms of failure by fracture.

Displayed in Figures 73 and 74 are respectively the time dependent character of

dW/dV and dW/dA. The curves for elements No. 151, 156, 160, 210 and 211 all rise

very sharply up to the point of failure except for element No. 248 that follows a

much more gradual change. Since both the variations of dW/dV and dW/dA with time

are very similar, the influence of dV/dA is seen to be small. Significant change

in dV/dA occurred only at plug initiation.

Tables 31 to 33 outline the results on energy density as a function of time for

Model II. Again, the difference between dW/dV and dW/dA shown in Figures 75 and

76 is small as dV/dA in general remained fairly constant except at the time of plug

initiation. The curves for elements No. 151, 156 and 160 in Figures 75 and 76 in-

creased monotonically with time while those for elements No. 211 and 248 achieved

oscillation. This is because both dW/dV and dW/dA contain both elastic and dissi-

pated energy. The elastic portion can increase or decrease with time depending--. **"--

on wave propagation. The dissipated portion of dW/dV or (dW/dV)p, however, must al-
Stress analysis is a misnomer in the strain energy density theory because the

method determines the stress distribution via the quantity dV/dA and uniaxial data.
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Table 29. Strain Energy Density Function dW/dV

in psi for Elements Near Contact I'

(Model 1)

Element No.
Time
(psec) 160 151 152 to 156 210 211 248

0.0050 390 155 155 52 33-
*0.0105 1,725 686 686 231 144 0 a'.

*0.0166 4,289 1,708 1,705 573 359 0

*0.0232 8,415 3,357 3,346 1,127 708 0
0.0305 14,470 6,297 6,177 1,946 1,230 0.1

*0.0331 (failed) 7,600 7,414 2,291 1,451 0.1

0.0464 (failed) 14,760 4,400 2,340 1.2
0.0611 (failed) 7,295 4,861 6.3

*0.0772 10,810 7,294 24.8

0.0949 (failed) 9,247 70.9

0.1144 (failed) 142.8
0.1358 233.2 - 9

*0.1594 324.5
*0.1353 391.2
*0.2138 412.1
*0.2452 394.4

0.2798 387.9
*0.3177 460.0

0.3595 632.2
*0.4015 821.5

0.4435 967.6

(failed)

-136-
dL



N,"

Table 30. Strain Energy Per Unit Area dW/dA in .
lb/in for Elements Near Contact
(Model I)

Element No.

Time
(usec) 160 151 152 to 156 210 211 248

0.0050 956 439 439 111 92 -

0.0105 4,299 1,940 1,940 492 407 0

0.0166 10,520 4,827 4,821 1,223 1,014 0

0.0232 20,640 9,483 9,458 2,403 1,996 0

0.0305 35,520 17,770 17,450 4,156 3,461 0

0.0331 (failed) 21,450 20,940 4,895 4,079 0

0.0464 (failed) 41,710 9,382 7,671 1.3

0.0611 (failed) 15,480 13,530 7.9

0.0772 22,760 20,150 92.8

0.0949 (failed) 25,280 178.7

0.1144 (failed) 351.8

0.1358 580.5

0.1594 821.4

0.1853 999.4

0.2138 1,051.7

0.2452 1,010.6

0.2798 1,049.1

0.3177 1,460.6 .-

0.3595 1,854.5

0.4015 2,224.9

0.4435 2,514.7

(failed)
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Table 31. Strain Energy Density Function dW/dV
in psi for Elements Near Contact
(Model II)

Element No.

Time
(Gsec) 160 151 156 210 211 248

0.0200 6.4 2.5 2.5 0.84 0.53-

* 0.0420 23.4 11.0 10.7 3.70 2.36 -0

0.0928 68.2 36.9 34.6 15.06 10.74 0.074

* 0.1543 125.2 65.7 60.1 25.44 16.60 1.01

0.2287 204.5 97.0 88.5 31.25 15.16 4.21

0.2716 (failed) 114.2 105.2 33.52 10.75 F 38

0.3188 132.5 124.5 37.17 5.14 7.34

* 0.3643 150.0 144.0 42.66 2.48 7.41

* 0.4075 167.0 163.8 47.88 3.83 6.07

0.4516 182.6 189.2 52.06 5.32 3.86

(failed) (failed)
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Table 32. Strain Energy Per Unit Area dW/dA
in kip/in for Elements Near Contact
(Model II)

Element No.

Time

(lisec) 160 151 156 210 211 248

0.0200 15.8 7.2 7.2 1.80 1.49 -

0.0420 57.5 31.0 30.4 7.9 6.6 -

0.0928 167.6 102.7 97.8 32.3 29.2 0.2

0.1543 305.8 180.0 169.3 53.7 42.2 2.8

0.2287 494.7 263.3 248.6 64.9 36.0 9.9

0.2716 (failed) 309.7 294.7 68.9 24.8 13.7

0.3188 359.7 347.5 74.9 11.3 16.3

0.3643 407.8 400.3 76.8 6.4 16.6
0.4075 455.9 454.4 44.0 8.6 14.1.-

0.4516 501.8 521.2 60.3 16.1 10.3

(failed) (failed)
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Table 33. Dissipated Strain Energy Density Function (dW/dV)
in ksi for Elements Near Contact (Model II)

Element No.

Time ::
* (isec) 160 151 156 210 211 248

0.0200 0 0 0 0 0-
0.0420 11.5 0.4 0.8 0 0 0 -,-

0.0928 55.7 24.9 23.6 4.20 2.108 0
0.1543 111.9 53.2 48.7 13.31 3.195 0
0.2287 190.3 84.0 78.0 20.62 4.811 0

* 0.2716 (failed) 100.9 94.1 25.23 4.811 0.176
0.3188 117.1 115.1 30.56 4.811 0.776
0.3643 137.2 134.3 36.63 4.811 0.776 A -

* 0.4075 156.6 153.9 41.86 4.811 0.776

0.4516 172.0 178.9 45.95 4.811 0.776

(failed) (failed)
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ways rise monotonically. This is shown in Figure 77 where the slope of the curves

. gives an indication of the severity of damage. Element No. 160 has the largest

slope in the (dW/dV)p versus time plot and fails first. These curves yield infor-

mation on the rate at which energy is dissipated as a function of time.

2-
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REMARKS ON REFINEMENT OF ADED CODE . ".'.
, . .. J J

; As mentioned throughout this report, this work on the development of ADED

is considered to be preliminary. The emphases have been placed on applying the

basic concept of the strain energy density theory [4] for predicting projectile

penetration damage from uniaxial data alone. This required a change in one of

* the fundamental approaches of continuum mechanics; that is, the constitutive re- ,. .*

lations for the material elements will no longer be assumed as known but will be

*+ derived for each element and time step. Such a feature is necessary for describing

the nonhomogeneous rates of deformation in penetration mechanics. Although there

remains a number of refinements that should be incorporated into ADED, they are,

however manageable and not regarded as overwhelming. A description of these re-

finements will be given.

The most serious drawbacks in many of the presently developed computer codes

on penetration mechanics are inherent in the use of the classical theory of plas-

ticity together with arbitrarily assumed failure criteria that can lead to incon-

sistencies and contradictions. Compatibility between failure and/or damage cri-

terion and stress analysis is necessary for making reliable predictions. This

has been accomplished through equations (3), (42) and (44) by assuming that the

energy dissipated per unit area in a given time interval can be uniquely identi-

fied with the state of material damage. The predicted results on plugging for

Model I and II are obviously idealized because of the simplifying assumptions

which can be overcome without difficulties.

Ene y VZs pation Ra-teA. The ADED Code can easily accommodate higher rates of

energy dissipation that can no longer be adequately described by the area under

-147-

o'° .~o .•. . •-. ... .. .. ... .. . . * - .. .- * .° • + .o -,-+*. -. ,..-. °- - - ' 'o-, ° ,..°



the uniaxial stress and strain curves via dW/dV. Information on pressure P ver- _.

sus volume V can be used instead. A more suitable quantity is the internal en-

ergy density, say U. The Mie-Gr(neisen equation of state is a case in point:

P =(alu + a2 + a3)(l + rU(I+u) (47)

in which U = Vo/V - l, ai (i 1,2,3) are material-dependent coefficients and r

is the GrUneisen coefficient. --

Predictions on the appearance of shear band [10] during plugging can also be.

made by generalizing equation (3) into the form

aV a(48)
(-D)t= (.) (a)T ("8

*T T T

at a given temperature. A much more refined finite element mesh is needed for

this purpose. Equation (48) can be uniquely identified with the energy dissipa-

tion rates at which phase transformation of the metal takes place. -.

FZnite Etement Size. The size of the finite elements in the prospective region

of failure and/or damage can be refined so that more realistic shape of the plug

can be predicted. This can be easily done in future calculations.

FVagmentation6. Those elements that have failed as a result of impact between

the projectile and target can remain as individual particles in the subsequent -..

calculations. The sliding surface technique can be applied such that each of the

fragments can transmit momentum and energy while displacement and stress continuity

will no longer be required. In this way, they continue to contribute in the dam- *"

age process.
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F' c.ute Initition. As internal elements are fractured, voids or small cracks

are created causing local stress or energy intensification. This can be handled

automatically by using the isoparametric nodes. The mid-nodes in a triangular

element may be shifted to one-quarter of the distance from the point where the

1/r character is desired in the strain energy density field where r is a radial

distance. This simulates the character of an internal flaw regardless of the ma-

terial behavior • This invariant character of the strain energy density function

makes the failure analysis consistent through the loading history.

Nonhomogeneou. Damping. The predicted projectile velocities are unrealistically

high for both Model I and II. This is because no artificial viscosity has been

introduced that prevails in all other computer codes. It is felt that such a

factor will not be constant and should not be incorporated arbitrarily. It can

vary from location to location for each time step depending on the rate of energy

dissipation which is highly nonhomogeneouz. The quantity (dW/dV)p in equation

(42) can be calculated to define an effective damping force F that depends on
p

the space variables and time. This effect when included into ADED will lower the

projectile velocity in a cumulative fashion.

Time IncAement or Step. The selection of time increment or step in the numerical

computation is essential and is intimately associated with the element size and

location. These variables must be compatible with the rates at which energy is

being nonuniformly dissipated while the material is damaged and/or failed. The

fluctuation of the strain energy density function yields information on how the

time and space variables should be scaled.

The singular character of the stress depends on the constitutive relations and
would not be a suitable choice in this approach where the stress behavior changes
from element to element for every time step.
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Thtee-imeni6ion6. It is obvious that the (dW/dA)i concept expressed by equation

(3) can be easily extended to problems of oblique impact where no symmetry pre-

vails. The determination of the damage plane for an homogeneous and isotropic ma-

terial would then involve equating (dV/dA),, (dV/dA) and (dV/dA) in the three
Ti.'

orthogonal directions C, n and c. The finite element grid pattern would be con-

siderably more complicated but the basic procedure remains unchanged. _...

Many of the aforementioned refinements are already being incorporated into

ADED [16]. In principle, the method applies equally well for describing the ir-

reversible behavior of material in the solid, liquid or gaseous state. It is the

versatility and generality of the strain energy density concept that makes the

theory attractable.
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